Abstract. Let Γ be a discrete group. We show that if Γ is nonamenable, then the algebraic tensor products C
Introduction
Let A and B be C * -algebras. It is always possible to put a C * -norm on the algebraic tensor product A ⊗ B. For example, the spatial (or minimal) tensor product norm · min and the maximal tensor product · max are always C * -norms on A ⊗ B. As the names suggest, the spatial tensor norm is the smallest C * -norm one can place on A ⊗ B and the maximal is the largest. In general these norms do not agree. The C * -algebra A is said to be nuclear if A ⊗ B admits a unique C * -norm for all choices of C * -algebras B or, equivalently, if · max = · min on A ⊗ B for every C * -algebra B. Let G be a locally compact group. If G is amenable, then C * r (G) is a nuclear C*-algebra. The converse of this theorem is false in general since, for instance, C * r (G) is nuclear for every type I group [12] . However, Lance showed that this condition characterizes amenability in the case of discrete groups [9] . Since the quotient of a nuclear C * -algebra is nuclear, this also gives the characterization that a discrete group Γ is amenable if and only if C * (Γ) is nuclear. Lance's proof, however, does not indicate a C * -algebra B such that C * r (Γ) ⊗ B does not have a unique norm when Γ is nonamenable. We show that the algebraic tensor products C * r (Γ) ⊗ C * r (Γ) and C * (Γ) ⊗ C * r (Γ) do not admit a unique C * -norm when Γ is a nonamenable discrete group. We do not determine whether C * (Γ) ⊗ C * (Γ) admits a unique C * -norm for nonamenable Γ, but note that finding the solution to this problem for the case when Γ = F ∞ would solve the Connes embedding problem [8] .
Recently Narutaka Ozawa and Gilles Pisier demonstrated pairs of C * -algebras A and B such that A ⊗ B admits 2 ℵ 0 distinct C * -norms [11] , including the case when A = B = B(H). Although the paper mainly focuses on von Neumann algebras, Ozawa and Pisier also show that C *
ℵ 0 distinct C * -norms where F d is the noncommutative free group on d ≥ 2 generators. Their proof relies on the simplicity of the C * -algebra C * r (F d ) and does not generalize to the setting of discrete groups containing copies of noncommutative free groups. We generalize Ozawa and Pisier's result in two ways: we demonstrate that C * r (Γ 1 ) ⊗ C * r (Γ 2 ) admits 2 ℵ 0 distinct C * -norms for every pair of discrete groups Γ 1 and Γ 2 containing copies of noncommutative free groups and, moreover, we show that when the reduced group C * -algebra C * r (Γ 1 ) is replaced with the full group C * -algebra
Throughout this paper we will assume a basic familiarity with C * -tensor products, such as provided in [3] . The main tools used throughout this paper are the theory of coefficient spaces as developed by Eymard [4] and Arsac [1] , and the the recently developed theory of ℓ p -representations [2] . See also [7] . The primary purpose of the following section is to familiarize the reader with coefficient spaces as required by this paper, and the section is ended with a characterization of tensor products in terms of these spaces. In the third and final section of the paper we give (remarkably short) proofs of the earlier mentioned results, introducing the theory of ℓ p -representations where needed.
Coefficient spaces
In this section we provide a brief introduction to the theory of coefficient spaces as required by this paper and the results mentioned here will be used implicitly throughout the rest of the paper. The reader should see the papers of Arsac [1] and Eymard [4] for more thorough treatments of this subject. The section ends with a characterization of C * -norms on tensor products in terms of these coefficient spaces.
Let G be a locally compact group. The Fourier-Stieltjes algebra B(G) is defined to be the set of coefficient functions s → π x,y (s) := π(s)x, y where π : G → B(H π ) ranges over the (strongly continuous unitary) representations of G and x, y over H π . B(G) is naturally identified with the dual space of C * (G) via the pairing
With the norm B(G) attains from being the dual of C * (G) and pointwise multiplication, the Fourier-Stieltjes algebra becomes a Banach algebra.
Let π : G → B(H) be a fixed representation of G. The space A π is defined to be the closed linear span of coefficient functions π x,y for x, y ∈ H. Then A π is a translation invariant space (under both left and right translations). Moreover, every norm closed translation invariant subspace of B(G) arises in this way. As a distinguished case, the Fourier algebra A(G) is defined to be the space A λ where λ denotes the left regular representation of G. Although not obvious, it is a consequence of Fell's absorption principle that the Fourier algebra is an ideal of B(G).
Fix a representation π : G → B(H) and let C * π denote the norm closure of π(L 1 (G)) in B(H). Let B π denote the closure of A π with respect to the topology σ(B(G), C * (G)). Then B π can be identified as the dual of C * π via the pairing < u, π(f ) > = u(s)f (s) ds. If σ is another representation of G, then B π ⊂ B σ if and only if π(f ) ≤ σ(f ) , i.e., if and only if π is weakly contained σ.
Below we list the properties of these spaces which we will make use of:
• Suppose H is an open subgroup of G. Then we can extend every element u ∈ B(H) to an elementu in B(G) by definingu(s) = 0 for s ∈ G\H. The map u →u is an isometry.
• If H is a closed subgroup of G and π is a representation of G, then
If H is assumed to be open, then
(see also [5] and [13] ).
• If σ is an amplification of a representation π of G, then A σ = A π [1] .
• A(G) is the norm closure of C c (G) ∩ B(G) [4] .
• G is amenable if and only if B λ contains the constant 1 [6] .
• Let π and σ be representations of G. Then A π⊕σ = A π + A σ and B π⊕σ = B π + B σ [1] .
We finish this section with a characterization on C * -norms on tensor products of C * -algebras associated to groups. Proposition 2.1. Let G 1 and G 2 be locally compact groups and π 1 , π 2 be representations of G 1 and G 2 . Then we can identify the C * -norms on C *
Proof. Note that since
(G 2 ) as being representations of G 1 ×G 2 . It can be checked that this gives a oneto-one correspondence between * -representations of C * π 1
Finally, a * -representation of C * π 1
3. C * -norms of tensor products
In this section we show that if Γ is a nonamenable discrete group, then C * r (Γ) ⊗ C * r (Γ) and C * (Γ) ⊗ C * r (Γ) do not admit unique C * -norms. We obtain even stronger results when Γ contains a copy of the free group. The key idea behind our (remarkably simple) proofs is to find B σ spaces satisfying the conditions of Proposition 2.1 which differ on the diagonal subgroup ∆ of Γ × Γ. We begin with the following lemma.
Lemma 3.1. Let Γ be a discrete group and S a subset of B(Γ). If S is a subset of B(∆), then A S | Γ×{e} ⊂ A(Γ × {e}) and A S | {e}×Γ ⊂ A({e} × Γ).
Proof. Let ϕ ∈ S and fix
1 . Therefore, the translated element x → ϕ(sxt) in B(Γ × Γ) has finite support when restricted to Γ × {e} and, thus, its restriction is an element of A(Γ × {e}). So A S | Γ×{e} ⊂ A(Γ × {e}). Similarly, A S | {e}×Γ ⊂ A({e} × Γ).
We are now prepared to prove our first main theorem, i.e., that C * r (Γ) ⊗ C * r (Γ) and C * (Γ) ⊗ C * r (Γ) do not admit unique C * -norms. We use a single argument conducted in the broader setting of all intermediate group C * -algebras on Γ between the reduced and full group C * -algebras.
Theorem 3.2. Let Γ be a nonamenable discrete group and π a representation of Γ weakly containing the left regular representation. Then C *
Suppose G is nonamenable. Then the analogue of Theorem 3.2 is true for G, i.e., if π is any representation of G weakly containing λ G , then C * π (G) ⊗ C * r (G) does not admit a unique C * -norm. Indeed, denote the diagonal subgroup of G/K × G/K by ∆. Then, making the appropriate changes to the proof of Theorem 3.2 and taking S to be the set of all elements in B(G/K × G/K) • q supported on q −1 (∆) produces a second B σ satisfying the conditions of Proposition 2.1. Suppose G 1 and G 2 are two locally compact groups containing open normal compact subgroups K 1 and K 2 so that G/K 1 and G/K 2 contain noncommutative free subgroups. Then a similar trick as above shows that C * π (G 1 )⊗C * r (G 2 ) admits 2 ℵ 0 distinct C * -norms for every representation π of G 1 weakly containing λ G 1 , i.e., that the analogue of Theorem 3.3 holds.
